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Background

During gene regulation, do transcription factors (TFs) have a temporal binding
order? This is a question in the ongoing investigation of so-called “pioneer
factors” that prime chromatin for further binding. Such factors might play a
critical role in inducing pluripotency.

Experimental techniques such as ChlP-seq and single-molecule tracking (SMT)
have previously been used to infer binding order, though proper analysis of
their data requires more sophisticated methods than previously used.

We interpret data generated by these techniques on the premise of a new
mathematical model founded on fundamental, physics-based assumptions.
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The model will determine if purported binding order conclusions from
experiments are valid.
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Mathematical Framework

We consider pairs of TFs through a graph-theoretic representation of a Markov
process on four binding states.

The graph, for TFs A and B:
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A quantitative measure of order is defined as a probabilistic preference in
traversing one path over the other.

P(o -+ A — AB)
P(o — B — AB)

ki ks (kg + Ky |
kS k) (ky + kg |

e

s

Analysis: Single-Molecule Tracking

Chen et al. (2014) use SMT to directly observe TF association and
dissociation rates gi- as the reciprocals of residence times, but only one

TF is watched at once. It is unclear if the TF binds to a site already
occupied by a cooperative factor.
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SMT data gives a set of g;* for the TFs Sox2 and Oct4. We seek a
mapping between measured rates g;—“ corresponding to the TF and graph
rates ki corresponding to the DNA kinetics that determine binding order.
Chen et al. (2014) erroneously assume g = k.
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We treat the experimental residence time as a Markov first hitting time,
from which we derive an algebraic relationship between the gi* and ki to
match the experimental protocol from Chen et al. (2014).
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Repeating the process for all rates generates a system of polynomial
equations whose varieties are analyzed through techniques from algebraic
geometry. Preliminary analysis shows that these relationships are sensitive
and multi-valued.

b(ad(a + B) + Be(x — a) — ad(B + x))
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Analysis: ChlP-seq

ChlP-seq data gives a set of probability distributions of binding states, as
used in Xie et al. (2017) to infer binding interdependence between TFs
Sox2, Oct4, KlIf4, and Esrrb.

In Xie et al. (2017), TF binding sites are deleted to prohibit potentially
cooperative binding of TF partners.
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If ChlP-seq is a successful experimental technique, a measured probability
distribution should imply a unique binding order.
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With the Matrix-Tree Theorem, we show that a family of graphs with
different orders can be mapped to identical probability distributions
measured by ChlP-seq.
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It follows that ChIP-seq on its own is not sufficient to conclude a binding

order in this context. _ _
Discussion

Concentration dependence of the graph edge labels and corresponding
Kinetics suggests a highly context-dependent relationship between
binding order and TFs, likely not an inherent property of the factors
themselves.

A groundbreaking in vitro study by Li et al. (2019) uses both fluorescence
and SMT to directly observe a binding order for Sox2 and Oct4, but it is
unclear if its conclusions generalize to in vivo settings.

The task of inferring binding order is more difficult than it initially seems,
and current experiments are potentially deficient for doing so.
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