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Abstract In previous work, we have introduced a “linear framework” for time-scale
separation in biochemical systems, which is based on a labelled, directed graph, G,
and an associated linear differential equation, dx/dt = L(G) · x, where L(G) is the
Laplacian matrix of G. Biochemical nonlinearity is encoded in the graph labels. Many
central results in molecular biology can be systematically derived within this frame-
work, including those for enzyme kinetics, allosteric proteins, G-protein coupled re-
ceptors, ion channels, gene regulation at thermodynamic equilibrium, and protein
post-translational modification. In the present paper, in response to new applications,
which accommodate nonequilibrium mechanisms in eukaryotic gene regulation, we
lay out the mathematical foundations of the framework. We show that, for any graph
and any initial condition, the dynamics always reaches a steady state, which can be
algorithmically calculated. If the graph is not strongly connected, which may occur in
gene regulation, we show that the dynamics can exhibit flexible behavior that resem-
bles multistability. We further reveal an unexpected equivalence between determin-
istic Laplacian dynamics and the master equations of continuous-time Markov pro-
cesses, which allows rigorous treatment within the framework of stochastic, single-
molecule mechanisms.
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1 Introduction

Time-scale separation is one of the few systematic methods for analytically reducing
the complexity of a system. In this procedure, a subsystem is assumed to be operating
sufficiently fast relative to the rest of the system that it may be taken to have reached a
steady state. The fast variables within the subsystem can then be eliminated, in favor
of the remaining slow variables. In previous work, we introduced a mathematical
framework for undertaking time-scale separation in biochemical systems (Thomson
and Gunawardena 2009a, 2009b; Gunawardena 2012). It is based on a directed graph,
G, with labeled edges and no self-loops (hereafter, a “graph”), as in Fig. 1. In the
applications, the vertices of the graph represent the fast variables in the subsystem
and the edges represent the biochemical interactions between these variables. Such a
graph gives rise to a dynamical system by treating each edge as a chemical reaction
under mass-action kinetics, with the corresponding label as the rate constant. Since
each edge has only one source vertex, the corresponding reaction is first order and
the dynamics is linear, giving rise to the matrix equation,

dx

dt
= L(G) · x. (1)

L(G) is called the Laplacian matrix of G. Here, x = (x1, . . . , xn)
t is a column vec-

tor of concentrations at each vertex, 1, . . . , n, of G and the notation xt denotes the
transpose of a vector x.

L(G) has the following structure (Fig. 1). If there is an edge in G from vertex j to
vertex i, j → i, let the label on this edge be eij , which should be a positive number
with units of time−1. It there is no such edge, let eij = 0. Note the reversal of the
indices, which is necessary because we use column vectors. The use of positive labels
is not a restriction, as a negative label amounts to an edge in the opposite direction. It
follows that

L(G)ij =
{

eij if i �= j,

−∑
v �=j evj if i = j .

(2)

Fig. 1 Laplacian dynamics on a graph. On the left, a labeled, directed graph with indices 1, . . . ,6 and
edges labeled, a, . . . , i. Note that the graph is not strongly connected. On the right, the corresponding
Laplacian dynamics, as in Eq. (1), with the Laplacian matrix of the graph
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Laplacian matrices were first introduced by Gustav Kirchhoff in his pioneering study
of electrical networks (Kirchhoff 1847) and they have been widely studied under
different guises, as discussed below.

The key to applying such a “linear framework” to nonlinear biochemical systems
lies in the edge labels, eij , which can be algebraic expressions involving the concen-
trations of slow variables and the rate constants of biochemical reactions. In effect,
the linear framework trades nonlinear dynamics with simple rate constants for linear
dynamics with complex labels. This allows steady states to be calculated and the fast
variables to be eliminated, as in the example discussed below.

Many well-known calculations in molecular and systems biology, which have
been undertaken by distinct, ad hoc methods, can be systematically derived us-
ing this linear framework, as explained in Gunawardena (2012). These include the
Michaelis–Menten and King–Altman procedures in enzyme kinetics (Michaelis and
Menten 1913; King and Altman 1956; Cornish-Bowden 1995); the Monod–Wyman–
Changeux and Koshland–Némethy–Filmer formulas in protein allostery (Monod
et al. 1965; Koshland et al. 1966) and models derived from these to study G-protein
coupled receptors (Lean et al. 1980; Kenakin 2005) and ligand-gated ion channels
(Colquhoun 2006); and the Ackers–Johnson–Shea (Ackers et al. 1982) and related
formulas based on the “thermodynamic formalism” (Bintu et al. 2005a, 2005b; Se-
gal and Widom 2009; Sherman and Cohen 2012), which have been used to study
gene regulation in bacteria (Setty et al. 2003; Kuhlman et al. 2007), yeast (Gertz
et al. 2009) and flies (Janssens et al. 2006; Zinzen et al. 2006; Segal et al. 2008;
He et al. 2010). More recently, the linear framework has been used to analyze the
steady-state behavior of post-translational modification systems (Thomson and Gu-
nawardena 2009a, 2009b; Xu and Gunawardena 2012; Dasgupta et al. 2013).

To introduce the linear framework and provide background for the rest of the
paper, the classical Michaelis–Menten formula provides a convenient example.
Michaelis and Menten considered the reaction scheme

S + E
k1
�
k2

ES
k3→ P + E, (3)

in which k1, k2, and k3 are the rate constants for mass-action kinetics. They made
the time-scale separation that the enzyme forms E and ES were fast variables, while
substrate S and product P were slow. (The historical details are somewhat different;
see Cornish-Bowden 1995.) To apply the linear framework, the following labeled,
directed graph G is constructed,

�E �ES
�

�
k1[S]

k2 + k3
(4)

in which the vertices represent the fast variables, E and ES, the edges describe the
transitions between these forms and the labels encode the reactions, along with the
contributions of the slow variables. It can easily be checked that, with this labeling,
the Laplacian dynamics on G recapitulates the actual dynamics of E and ES coming
from the reactions in Eq. (3). At steady state, the fluxes must balance, so that

k1[S][E] = (k2 + k3)[ES], (5)
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which gives one equation between the two fast variables. This example is so simple
that it is not necessary to construct the graph G in order to deduce Eq. (5) but, in the
absence of G, the linearity of this steady-state calculation is less obvious. A second
equation between the fast variables comes from observing that enzyme is neither
created nor destroyed and must therefore obey the conservation law

[E] + [ES] = Etot. (6)

Using Eqs. (5) and (6) to solve for [E] and [ES], we find that

[E] = EtotKM

KM + [S] and [ES] = Etot[S]
KM + [S] , (7)

where KM = (k2 +k3)/k1 is the Michaelis–Menten constant. Equation (7) allows the
fast variables to be eliminated in favour of the conserved total, Etot, and the quantities
derived from the labels, such as [S] and KM . The rate of the reaction can now be
calculated as

d[P ]
dt

= k3[ES] = Vmax[S]
KM + [S] ,

where Vmax = k3Etot is the maximal reaction velocity. This is the well-known
Michaelis–Menten formula, in which only the slow variables appear.

The main difference between this calculation and other applications of the frame-
work is that the graph G can be far more complicated and the steady state can no
longer be determined by simply balancing two fluxes. Instead, it becomes necessary
to calculate x such that dx/dt = 0 or, equivalently, x is in the kernel of the Lapla-
cian: kerL(G) = {x | L(G) · x = 0}. In many applications, it has been found that G

is strongly connected. That is, given any two distinct vertices, i and j , there is a path
in G of directed edges from i to j ,

i = i1 → i2 → ·· · → ik = j.

(Since i and j are arbitrary, there must also be such a path from j to i.) Note that
the graph in Eq. (4) is strongly connected. When G is strongly connected, it can be
shown that the kernel of the Laplacian is one- dimensional,

dim kerL(G) = 1. (8)

This result has been central to previous applications of the linear framework. It is
proved in Thomson and Gunawardena (2009a) and reappears in the course of the
treatment here as Proposition 3. It has the following implication. The Laplacian dy-
namics may be started with arbitrary concentrations at each vertex, so that there are as
many degrees of freedom initially as there are vertices in the graph. Nevertheless, if
a steady state is reached, all these degrees of freedom are lost except one. This is true
no matter how complex the graph, provided only that it is strongly connected. It is
this collapse in the degrees of freedom which allows elimination of the fast variables.

To obtain formulas, it is necessary to identify a basis element in kerL(G).
A canonical element, ρ ∈ kerL(G), may be algorithmically calculated from the graph
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structure using the Matrix-Tree theorem, which is stated below as Theorem 1. The ρi

are sums of products of labels (i.e.: polynomials in the labels) that are determined by
the structure of G. For G in Eq. (4), if E and ES have the indices 1 and 2, respectively,
then ρ1 = k2 + k3 and ρ2 = k1[S].

Any steady state, x ∈ kerL(G), can now be determined in terms of ρ. According
to Eq. (8), x = λρ where λ is a scalar. This gives n equations, xi = λρi , for the n + 1
unknown quantities, x1, . . . , xn, and λ. The remaining equation comes from the fact
that the total concentration of material on the graph is conserved, so that

x1 + · · · + xn = xtot (9)

which is the equivalent of Eq. (6) above. Substituting xi = λρi , gives

λ = xtot

ρ1 + · · · + ρn

,

from which the xi can be calculated as

xi = xtotρi

ρ1 + · · · + ρn

. (10)

This is the equivalent of Eq. (7): the xi have been eliminated in terms of the conserved
quantity xtot and the quantities in the labels, which appear through the ρi . The various
formulas and models cited above in different areas of biology, in which time-scale
separation has been used to simplify systems and calculate properties of interest, can
all be deduced from Eq. (10) (Gunawardena 2012).

Up to now, the focus of studies on the linear framework has been on steady-state
behavior in strongly-connected graphs and several foundational questions have not
been addressed. First, it has been generally assumed that no matter what initial con-
dition is chosen, the Laplacian dynamics eventually reaches a steady state. While this
seems intuitively plausible, the dynamical behavior of the Laplacian has not been rig-
orously analysed. Second, in some application areas, such as gene regulation or ion
channel activity, the system is stochastic in nature, with the vertices of the graph rep-
resenting the states of individual molecules, rather than populations of molecules. The
relationship between the macroscopic, deterministic Laplacian dynamics in Eq. (1)
and stochastic dynamics has been treated in an ad hoc manner, but has not been rigor-
ously clarified. The present paper reveals an unexpectedly close relationship between
these two apparently dissimilar formulations.

A further important issue has emerged in recent application of the framework to
gene regulation away from thermodynamic equilibrium (Ahsendorf et al. 2013). This
becomes particularly significant in eukaryotes where dissipative mechanisms play a
central role, as reviewed in the Discussion. In contrast to previous applications of
the linear framework, nonstrongly connected graphs emerge in this new context. For
these, the kernel of the Laplacian need no longer be one-dimensional, and we show
here that this can lead to significant qualitative differences in steady-state behavior
from the strongly-connected case.

The present paper is intended to address these foundational issues. Applications
of the results to gene regulation will appear elsewhere (Ahsendorf et al. 2013).
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Two further points are relevant to our general approach. First, the Laplacian dy-
namics in Eq. (1) is linear and the behavior of linear systems is well understood.
For instance, there are standard methods in linear algebra for calculating solutions of
the steady-state matrix equation L(G) · x = 0. However, these methods use determi-
nants, which have terms with alternating signs, and it is not immediately clear that
the resulting solutions have the important property of positivity (Thomson and Gu-
nawardena 2009b, Supplementary Information). That is, if the rate constants and total
concentrations are all positive, it is important to confirm that quantities like ρi above
are also positive. The Matrix-Tree theorem guarantees positivity. In general, the in-
terplay between dynamics, algebra, and combinatorics has been highly informative
and that approach is continued here.

Second, matrices of Laplacian type have arisen in both fundamental graph theory
(Merris 1994; Chung 1997; Chebotarev and Agaev 2002) and in various application
areas in physics, engineering, computer science, and economics (Schnakenberg 1976;
Pecora and Carroll 1998; Nishikawa and Motter 2010; Chen 1971; Olfati-Saber et al.
2007; Chebotarev and Agaev 2009; Bott and Mayberry 1954). While some of the
algebraic results proved here can be found in these other literatures, the present treat-
ment is necessary for several reasons. Laplacian dynamics, in the form of the first-
order biochemistry represented by Eq. (1), has not been discussed previously. Deter-
mining the long-time stability of this dynamics is an important goal of the present
paper. Laplacian matrices have also been defined for many different types of graphs
(undirected, unlabeled, etc.) under different notations, conventions, and normaliza-
tions. The treatment given here builds upon previous work (Thomson and Gunawar-
dena 2009a, 2009b; Gunawardena 2012), and follows uniform conventions that are
grounded in biochemical kinetics. Other sources often focus on particular kinds of
graphs, such as strongly-connected ones, and address questions of interest to other
domains. No restrictions are placed here on the graphs being studied and the focus
is on issues of interest to biology. Finally, literature sources that are both complete
and accessible to a biological audience have not been found. The treatment given
here is self-contained and elementary, relying largely on well-known results in linear
algebra. We cite relevant sources when these are known to us but must apologize in
advance if we have inadvertently missed others. We would be pleased to know of
these. We hope that the present paper will provide a helpful resource and encourage
further exploitation of the linear framework in different areas of biology.

2 Eigenvalues of the Laplacian

We outline some conventions before embarking on the main results. In applications
of the linear framework, the labels can be algebraic expressions involving actual bio-
chemical rate constants and concentrations of slow variables, as in Eq. (4). It can be
helpful to work over a rational function field R(a1, . . . , am) in these other parameters,
rather than over R; see, for instance, Thomson and Gunawardena (2009a). Here, for
simplicity, we leave these issues to specific applications and work throughout over R.
Labels are therefore taken to be uninterpreted symbols which represent positive real
numbers and have units of time−1. The word “graph” will always mean non-empty,



Laplacian Dynamics on General Graphs

labelled, directed graph with no self-loops. The symbol n will be used generically
for the number of vertices in the graph under discussion. I will denote the identity
matrix. Within a matrix multiplication, 1 will denote the all-ones vector; the context
should make clear whether this is a row vector or a column vector. A subscript will
be added, as in In or 1n, to specify the dimension, when needed.

We recall some well-known facts about linear systems (Hirsch and Smale 1974).
Let A be a n × n matrix with entries in the real numbers, Aij ∈ R. The linear matrix
equation dx/dt = A · x has the solution

x(t) = exp(At) · x(0),

where x(0) is the initial condition and exp(X) is the matrix exponential

exp(X) = I + X + X2

2
+ X3

3.2
+ · · · + Xm

m! + · · · . (11)

The exponential can be calculated from the Jordan normal form of A, from which it
follows that the solution, xi(t), is a linear combination, over the complex numbers,
of terms of the form

tμ exp(λt). (12)

Here, μ is a nonnegative integer, μ = 0,1, . . . , and λ is an eigenvalue of A. A positive
power of t in Eq. (12) indicates that the eigenvalue λ is repeated. Note that λ may
be complex, λ ∈ C. If so, because A is a real matrix, the complex conjugate, λ̄ =
Re(λ) − i Im(λ), is also an eigenvalue of A and the linear combination of terms from
Eq. (12) still yields a real function.

Our concern here is what happens to x(t) in the limit as t → ∞. Does the linear
system tend to a steady-state or oscillate or go off to infinity? If λ is an eigenvalue
with Re(λ) = a and Im(λ) = b, then

exp(λt) = exp(at)
(
cos(bt) + i sin(bt)

)
.

Hence, if all the eigenvalues of A satisfy Re(λ) < 0, the negative exponential exp(at)

in each term from Eq. (12) will kill both the corresponding tμ, no matter how large
μ is, and the cos(bt) and sin(bt) functions, so that x = 0 is the unique steady state
and x(t) → 0 as t → ∞. This corresponds to the well-known eigenvalue criterion for
stability of a dynamical system (Hirsch and Smale 1974).

On the other hand, if none of the eigenvalues are zero and at least one of them
satisfies Re(λ) ≥ 0, then the system will either oscillate or go off to infinity. The
corner case occurs when one or more of the eigenvalues is zero, for which a more
delicate analysis is required.

This is particularly relevant to the Laplacian matrix of a graph. We note first a
consequence of the conservation law in Eq. (9). Although that was written for the
steady-state concentrations, the total concentration does not change over time, so that

d

dt

(
x1(t) + · · · + xn(t)

) = 0.
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This follows from Eq. (2), which implies that

1 ·L(G) = 0. (13)

Equation (13) already indicates that L(G) is not of full rank and, therefore, that zero
is an eigenvalue.

To know more about the Laplacian eigenvalues, recall Geršgorin’s theorem for
the columns of a matrix A (Horn and Johnson 1985). The ith Geršgorin disc is the
circular area in the complex plane that is centered on the ith diagonal element and
whose radius is the sum of the absolute values of the remaining elements in the ith
column: {

z ∈C | |z − Aii | ≤
∑
j �=i

|Aij |
}
.

Geršgorin’s theorem states that each eigenvalue occurs in some Geršgorin disc.

Proposition 1 For any graph G, if λ is an eigenvalue of L(G), then either λ = 0 or
Re(λ) < 0.

Proof It follows from Eq. (2) that each Geršgorin disc of L(G) is centered on a neg-
ative real number and has the same radius in absolute value. Hence, for any eigen-
value λ, either λ = 0 or Re(λ) < 0, as required. �

The limiting behavior of Laplacian dynamics therefore hinges on the zero eigen-
value. If this eigenvalue is repeated, then Eq. (12) may yield terms of the form tμ,
which go to infinity with t . To illustrate the possibilities, consider the following two
matrices:

A =
⎛
⎝0 0 0

0 0 0
0 0 0

⎞
⎠ and B =

⎛
⎝0 1 0

0 0 1
0 0 0

⎞
⎠ , (14)

in each of which the eigenvalue 0 is repeated three times. For A, exp(At) = I , so that
xA(t) = x(0) and the system remains forever in steady state at its initial condition.
For B , it is easy to check by direct calculation using Eq. (11) that

exp(Bt) =
⎛
⎝1 t t2/2

0 1 t

0 0 1

⎞
⎠ , (15)

so that xB(t) → ∞ unless x(0)2 = x(0)3 = 0.
Recall that the algebraic multiplicity of the eigenvalue λ, alg(λ), is the number of

times that λ occurs as a repeated root of the characteristic polynomial or, equivalently,
the total size of all the Jordan blocks associated to λ in the Jordan normal form. In
contrast, the geometric multiplicity of λ, geo(λ), is simply the number of Jordan
blocks associated to λ or, equivalently, the dimension of the λ eigenspace. Evidently,
alg(λ) ≥ geo(λ) and, since A and B are already in Jordan normal form, it is easy to
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check that

algA(0) = 3, geoA(0) = 3 and algB(0) = 3, geoB(0) = 1.

It is the discrepancy between the two multiplicities of B that leads to the unstable
behavior of xB(t), as confirmed by the following result.

Proposition 2 Suppose that the real matrix A has the same eigenvalue distribution
as a Laplacian matrix, as given by Proposition 1. If algA(0) = geoA(0), then the
solution of dx/dt = A · x tends to a steady state as t → ∞ for any initial condition,
while if algA(0) > geoA(0) then there is some initial condition for which x(t) → ∞.

Proof The proof follows from standard results (Hirsch and Smale 1974) but for the
sake of completeness an outline is given here. Consider first the case in which a basis
has been chosen so that A is in Jordan normal form,

A =

⎛
⎜⎜⎜⎜⎝

A1 0 . . . 0

0 A2 0 0
...

...
. . . 0

0 . . . 0 Ak

⎞
⎟⎟⎟⎟⎠ .

A has diagonal Jordan blocks, A1, . . . ,Ak , each corresponding to some eigenvalue
of A. Since matrices can be multiplied in blocks, exp(At) is also block diagonal, with
the corresponding blocks exp(A1t), . . . , exp(Akt). If Ai corresponds to an eigenvalue
λ with Re(λ) < 0 and u is any initial condition for Ai , then exp(Ait) · u → 0 as
t → ∞. It follows that the behavior of the solution x(t) = exp(At) · x(0) as t → ∞
depends only on the blocks corresponding to the eigenvalue 0.

If Ai is such a Jordan block then it has the form of matrix B in Eq. (14), with 0 on
the diagonal, 1 on the super-diagonal and 0 elsewhere, but it can be of any dimension.
If algA(0) = geoA(0), then each of the blocks corresponding to the eigenvalue 0 has
dimension 1. By permuting the basis, if necessary, these blocks can be combined into
a single composite block, which now has the form of matrix A in Eq. (14). In this
case, as above, exp(At) = I and x(t) → c as t → ∞. Evidently, ci = xi(0) if i is an
index in the zero-eigenvalue block and ci = 0 if i is an index outside this block. It
also follows that A · c = 0, so that c is a steady state vector at which dc/dt = 0.

Conversely, if algA(0) > geoA(0) then some block corresponding to the eigen-
value 0 has dimension greater than 1. Assume that this block looks like matrix B in
Eq. (14); the argument is identical for any other size of block. The exponential of this
block is given in Eq. (15). Let i be the index of the first row and j be the index of
the last column of this block within matrix A and choose the initial condition x(0) to
be the unit vector in coordinate j . Then (exp(At) · x(0))i = t3, so that x(t) → ∞ as
t → ∞, as required.

Finally, if A is any matrix, there is an alternative basis in which it has Jordan
normal form. That is, there is an invertible matrix P , such that P −1 · A · P is in
Jordan normal form. Since exp(P −1 · A · P t) = P −1 · exp(At) · P , the conclusions
reached for the Jordan normal form apply also to A. �
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To apply Proposition 2 to Laplacian matrices, it is necessary to exploit the structure
of the underlying graph, to which we now turn.

3 Zero Multiplicities for Strongly Connected Graphs

If G is a graph, vertex i is said to ultimately reach vertex j , denoted i ⇒ j , if either
i = j or there is a path of directed edges from i to j

i = i1 → i2 → ·· · → ik = j.

The relation of ultimate reaching is the reflexive, transitive closure of the edge rela-
tion. Vertex i is said to be strongly connected to vertex j , denoted i ≈ j , if i ⇒ j

and j ⇒ i. Strong connectivity is the symmetric closure of ultimate reaching. It is an
equivalence relation on the set of vertices, whose equivalence classes are the strongly
connected components (SCCs) of G. A graph G is strongly connected, in the sense
described in Sect. 1, if all of its vertices lie in a single SCC.

Proposition 3 If G is a strongly connected graph, then dim kerL(G) = 1.

Proof The kernel of L(G) is the column null space, which has the same dimension
as the row null space. To show that the latter has dimension one, it is sufficient, since
1 ·L(G) = 0, to show that if v ·L(G) = 0 then v1 = · · · = vn. Let vp be the smallest
component of v, so that vi ≥ vp for all i. Let U ⊆ {1, . . . , n} be the set of those
indices i for which vi = vp . Note that U �= ∅ since p ∈ U . If m ∈ U , then

(
v ·L(G)

)
m

=
∑
k �=m

(vk − vm)L(G)km = 0.

Each term in the sum is a product of two nonnegative quantities, but L(G)km > 0
when m → k. Hence, vk = vm = vp whenever there is an edge m → k, and so U

is closed under outgoing edges. Since G is strongly connected, U = {1, . . . , n} and
v1 = · · · = vn, as required. �

Proposition 3 is a simplified version of (Thomson and Gunawardena 2009a,
Lemma 1), which holds over a rational function field. Proposition 3 originated in the
biological literature in the work of Feinberg and Horn in Chemical Reaction Network
Theory (Feinberg and Horn 1977, Appendix), although the Laplacian interpretation
came later; see Gunawardena (2012) for details. It has been independently proved
in several other literatures; see, for instance, Olfati-Saber and Murray (2004, Theo-
rem 1) and the commentary on this in Chebotarev (2010).

Since kerL(G) is the eigenspace for the zero eigenvalue, Proposition 3 shows that
when G is strongly connected, the geometric multiplicity of the zero eigenvalue of
its Laplacian is one.

The algebraic multiplicity of the zero eigenvalue requires more work. We first set
up some basic infrastructure that will be crucial for later results.
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Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i � j . This implies that any nonroot vertex
has exactly one edge leaving it, for otherwise there would be an additional root or an
undirected cycle (Fig. 2(A)). Let Θi(G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi(G) = ∅.

Given a n × n matrix A, recall that A(ij) is the minor given by the determinant
of the (n − 1) × (n − 1) matrix obtained from A by removing the ith row and j th
column.

Theorem 1 (Matrix-Tree Theorem (Tutte 1948)) If G is any graph with n vertices
then the minors of its Laplacian are given by

L(G)(ij) = (−1)n+i+j−1
∑

T ∈Θj (G)

( ∏
k

a→l∈T

a

)
. (16)
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In other words, up to sign, the (ij)th minor of the Laplacian is the sum, over all
spanning trees rooted at j , of the product of the labels on the edges of each tree
(Fig. 2(B)). In view of its fundamental importance, a proof of Theorem 1 is given in
the Appendix.

Results of this kind for labeled, directed graphs appear to have been first proved
by Tutte (1948); see Moon (1970, Chap. 5) for more background on the mathemat-
ical literature. Later authors working in different fields have often rediscovered this
result without being aware of Tutte’s precedence. For example, the paper of Bott
and Mayberry (1954) contains a version of Theorem 1, which has been used in eco-
nomics (Whitin 1954), quantum field theory (Jaffe 1965), and statistical mechanics
(Schnakenberg 1976). In the biological literature, versions of Theorem 1 were re-
discovered by King and Altman in enzyme kinetics (King and Altman 1956) and
by Hill in analyzing nonequilibrium biological systems (Hill 1966, 1985). Several
more powerful variants of the Matrix-Tree theorem are now known, such as the
all-minors Matrix-Tree theorem and the Matrix Forest theorem; see Chebotarev and
Agaev (2002) for more details.

Lemma 1 A graph G is strongly connected if, and only if, it has a spanning tree
rooted at each vertex.

Proof Suppose G is strongly connected and choose any vertex i of G. If i is the only
vertex, then i itself is a spanning tree rooted at i. If not, suppose inductively that a tree
rooted at i has been constructed and that j is a vertex of G that is not in the tree. Since
G is strongly connected, j ⇒ i and there is some directed path from j to i. Let k be
the first vertex along the path, starting from j , that is a vertex in the tree. The subpath
from j to k may be added to the tree to form a larger tree in which j is now a vertex.
Hence, by induction, there is a tree rooted at i that reaches every vertex. Now suppose
that G is a graph. If it has only one vertex, it is strongly connected by definition, so
suppose that it has two distinct vertices i and j . Since there is a spanning tree rooted
at i, j must be a vertex on that tree and so j ⇒ i. Similarly, i ⇒ j . Hence, i ≈ j and
G is strongly connected. �

If A is a matrix, recall that its adjugate matrix, adj(A) is the transpose of the
matrix of cofactors, or signed minors (Horn and Johnson 1985):

adj(A)ij = (−1)i+jA(ji). (17)

Note the reversal of the indices: the ij th entry of the adjugate is, up to sign, the
(j i)th minor of A. The adjugate appears in two well known-formulas. The first is the
Laplace expansion for the determinant (Horn and Johnson 1985),

adj(A) · A = A · adj(A) = det(A) · I. (18)

If A is the Laplacian matrix of a graph G, then by Proposition 3, detL(G) = 0, and
so, by Eq. (17), the columns of adj(L(G)) are elements of kerL(G). Let ρG ∈ R

n
>0

denote the column vector given by the spanning trees rooted at each vertex, through



Laplacian Dynamics on General Graphs

the formula in Eq. (16):

ρG
i =

∑
T ∈Θi(G)

( ∏
k

a→l∈T

a

)
.

Using Eqs. (16) and (17), the adjugate can be expressed in terms of ρG as

adj
(
L(G)

)
ij

= (−1)i+j (−1)n+j+i−1ρG
i = (−1)n−1ρG

i . (19)

It follows that each of the columns of adj(L(G)) is, up to sign, equal to ρG. If,
moreover, G is strongly connected, then it follows from Lemma 1 that ρG

i > 0 for
all i. In particular, ρG �= 0. Since dim kerL(G) = 1 by Proposition 3, this gives a
basis for kerL(G).

Corollary 1 If G is a strongly connected graph, then kerL(G) = 〈ρG〉 and ρG
i > 0

for all i.

Corollary 1 provides the positivity mentioned in Sect. 1. If the graph is strongly
connected and the rate constants and concentrations that make up the labels in any
application are positive, then ρG has only positive entries.

A second use of the adjugate, which will lead us to the algebraic multiplicity of
the zero eigenvalue, is the formula for the derivative of a determinant (Magnus and
Neudecker 1988, Theorem 8.1),

d

dt
detA(t) = Tr

(
adj

(
A(t)

) · dA(t)

dt

)
,

where A(t) is any differentiable matrix function of a single variable. This formula
can be applied, in particular, to the characteristic polynomial of A,

χA(t) = det(A − tI ).

Evaluating the derivative of χA(t) at t = 0 yields

d

dt
χA(t)

∣∣
t=0 = Tr

(
adj(A − tI ) · d

dt
(A − tI )

)∣∣∣∣
t=0

= Tr
(
adj(A − tI ) · (−I )

)∣∣
t=0

= −Tr
(
adj(A)

)
. (20)

Proposition 4 If G is a strongly-connected graph, then algL(G)(0) = 1.

Proof If algL(G)(0) = k, where k ≥ 1, then, by definition of the algebraic multiplic-
ity, tk is a factor of χL(G)(t) but tk+1 is not:

χL(G)(t) = tkf (t) where f (0) �= 0.

Accordingly,

d

dt
χL(G)(t)

∣∣
t=0

{ �= 0 if k = 1,

= 0 if k > 1.
(21)
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According to Eq. (20), the derivative in question is given by

−(
adj11

(
L(G)

) + · · · + adjnn

(
L(G)

))
.

By Eq. (19),

adjii = (−1)n−1ρG
i ,

where, by Corollary 1, ρG
i > 0 for all i. Hence,

d

dt
χL(G)(t)

∣∣
t=0 = (−1)n

(
ρG

1 + · · · + ρG
n

) �= 0.

It follows from Eq. (21) that algL(G)(0) = 1, as required. �

We have established that for a strongly-connected graph, algL(G)(0) =
geoL(G)(0) = 1, so that the conditions of Proposition 2 are fulfilled. The extension to
general graphs can now be undertaken through a structural decomposition of G into
its SCCs.

4 Zero Multiplicities for General Graphs

Let [i] denote the SCC containing i. Given two SCCs, [i] and [j ], [i] is said to
precede [j ], denoted [i] � [j ], if i′ ⇒ j ′ for some i′ ∈ [i] and some j ′ ∈ [j ]. It is
easy to check that this is well defined. The relation of precedes is a partial order on
the SCCs: it is clearly reflexive and transitive and if [i] � [j ] and [j ] � [i] then i

and j are mutually linked by directed paths, so [i] = [j ], and the relation is also
antisymmetric. It follows that we can distinguish terminal SCCs, which are those [i]
such that, if [i] � [j ] then [i] = [j ].

Suppose now, without any loss of generality, that the vertices of G are renamed
as follows. Such a renaming amounts to a permutation of the standard basis in R

n.
First, choose an ordering of the SCCs, C1, . . . ,Cp , such that, if Ci � Cj , then i ≤ j .
Since � is a partial order, this can always be done. As a consequence, if there are q

terminal SCCs, then these are, in some order, Cp−q+1, . . . ,Cp , while if i < p−q +1
then Ci is nonterminal. Let ci denote the size of SCC Ci , ci = #Ci , so that c1 + · · ·+
cp = n. Let di denote the partial sums of this sequence, di = ∑

1≤j≤i cj for 1 ≤
i ≤ p, with d0 = 0. Now rename the vertices in Ci in any order, using only the indices
di−1 + 1, . . . , di−1 + ci = di . By construction, the Laplacian matrix of G in this new
basis is in block lower-triangular form.

L(G) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

L1 0 0 0 . . . 0
...

. . .
...

...
...

...

∗ ∗ Lp−q 0 . . . 0

∗ . . . ∗ Lp−q+1 0 0
...

...
...

...
. . .

...

∗ . . . ∗ 0 0 Lp

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(22)
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Fig. 3 Graph decomposition. On the left, the graph in Fig. 1 is shown with its four strongly-connected
components enclosed in boxes. The two terminal SCCs are marked by ∗. Note that the ordering of the
vertices already follows the renaming scheme described in the text. On the right, the Laplacian matrix of
the graph is shown in block lower-triangular form, as in Eq. (22), with the dashed lines separating the
blocks corresponding to nonterminal SCCs from those corresponding to terminal SCCs

In this matrix, an asterisk, ∗, denotes a block which can be nonzero. The blocks
in boxes on the main diagonal, denoted L1, . . . ,Lp , are the submatrices defined by
restricting L(G) to the vertices of the corresponding SCCs, C1, . . . ,Cp . Each Li is
a square submatrix of size ci × ci . The block lower-triangular form of L(G) itself
comes from the fact that, if there is an edge from a vertex in Ci to a vertex in a
different block Cj , then, by construction, i < j . The blocks in the bottom right-hand
segment demarcated by the dashed lines, Lp−q+1, . . . ,Lp , correspond to the terminal
SCCs. Since there can be no edges coming out of a terminal SCC, this segment is
block diagonal.

It will be helpful to consider each submatrix Li as a matrix in its own right, so that
its rows and columns are indexed from 1, . . . , ci and not from di−1 + 1, . . . , di . As
is customary, we use Li to denote either the submatrix of L(G) or the matrix in its
own right. In a similar vein, it will be helpful to consider the subset of vertices Ci ⊆
{1, . . . , n} as a graph, with vertices 1, . . . , ci in place of di−1 +1, . . . , di , and precisely
those edges that are found between the latter vertices in G. Edges that enter or leave
the SCC are disregarded. Here, we use C∗

i for the resulting graph, to distinguish it
from the subset Ci .

The behavior of Li depends crucially on whether Ci is a terminal or non-terminal
SCC (Fig. 3). Because there are no edges emerging from any terminal SCC, it is easy
to see that

Li = L
(
C∗

i

)
when p − q + 1 ≤ i ≤ p. (23)

According to Corollary 1, each such Li has an associated ρC∗
i ∈ R

ci

>0 that is a basis el-
ement for kerLi . We can extend this to a vector ρ̄C∗

i ∈R
n
>0 by setting all components

with indices outside Ci to zero:

(
ρ̄C∗

i
)
j

=
{

(ρC∗
i )j−di−1 if di−1 + 1 ≤ j ≤ di,

0 otherwise.
(24)
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Fig. 4 Graph construction for Lemma 2. On the left, the nonterminal strongly connected component of
the graph in Fig. 3 denoted C∗

1 , shown with the edges leading out of the SCC. In the middle, the graph C+
1 ,

constructed by adding a new vertex c1+1 = 3 along with labeled edges to and from that vertex as described
in the text. On the right, the Laplacian matrix of C+

1 in which L1 is the c1 × c1 sub-matrix obtained by
omitting the (c1+1)-st row and the (c1+1)-st column

Because any two distinct SCCs are completely disjoint, it is evident that these q

vectors in R
n
>0 are linearly independent. Moreover, because of the block structure of

the Laplacian matrix in Eq. (22), not only is Li · ρC∗
i = 0 but also L(G) · (ρ̄C∗

i ) = 0,
so that

kerL(G) ⊇ 〈
ρ̄

C∗
p−q+1 , . . . , ρ̄C∗

p
〉
. (25)

This almost determines the structure of kerL(G). The final step requires an under-
standing of the Li corresponding to non-terminal SCCs.

Equation (23) no longer holds for nonterminal SCCs, for which i < p − q + 1,
because the edges that emerge from each nonterminal SCC ensure that 1 · Li �= 0, as
would be required of a Laplacian matrix (Fig. 3). Specifically,

(1 · Li)j = −
(∑

j
a→

a

)
≤ 0, (26)

where the sum is taken over all edges from vertex j that leave C∗
i for some other SCC.

However, we can repair Li by introducing a new vertex into C∗
i , say vertex ci+1, to

form the new graph C+
i (Fig. 4). For every vertex j ∈ C∗

i for which (1 · Li)j < 0,

introduce the new edge j
α→ ci+1, with the label α = −(1 · Li)j . This choice is

intended to precisely cancel out the discrepancy from zero in Eq. (26). Finally, add
one new edge ci+1

u→ j from the new vertex back to one of those vertices j which
has a new edge to ci+1. The label, u, on this edge may be chosen arbitrarily. Figure 4
illustrates this procedure. Since C∗

i is strongly connected and the new vertex ci+1 is
reversibly linked to a vertex in C∗

i , it follows that the new graph C+
i is also strongly

connected. By Theorem 1 and Lemma 1, the minors of L(C+
i ) are nonzero. But, by

construction, the ci × ci sub-matrix of L(C+
i ) obtained by removing the (ci+1)-st

row and the (ci+1)-st column is precisely Li . Hence, det(Li) = adj(L(C+
i ))n+1,n+1,

so that, by Eq. (19), det(Li) = (−1)nρ
C+

i

n+1 �= 0. If follows that Li is invertible.
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Lemma 2 If a graph G is placed in the form required for Eq. (22) then any diagonal
block for a nonterminal SCC is invertible.

With Lemma 2 in hand, the rest is easy. Recall that q is the number of terminal
strongly-connected components of G.

Proposition 5 For any graph G,

kerL(G) = 〈
ρ̄

C∗
p−q+1 , . . . , ρ̄C∗

p
〉
, (27)

dim kerL(G) = q and geoL(G)(0) = q .

Proof We already know from Eq. (25) that the kerL(G) contains the span of the
vectors in Eq. (27). If x ∈ kerL(G), so that L(G) · x = 0, it follows from the block
structure of the matrix in Eq. (22) and Lemma 2 that xi = 0 for 1 ≤ i ≤ p − q . Since
the bottom segment of the matrix is block diagonal, x must be in the span of the vec-
tors in Eq. (27). This proves Eq. (27) and the other assertions follow immediately. �

Proposition 6 For any graph G, algL(G)(0) = q .

Proof From the block structure of the matrix in Eq. (22), the characteristic polyno-
mial of L(G) can be written as the product

χL(G)(t) =
p∏

i=1

χLi
(t).

For 1 ≤ i ≤ p − q , Li is invertible by Lemma 2, so t does not divide χLi
(t). For

p − q + 1 ≤ i ≤ p, each Li is the Laplacian of a strongly-connected graph, so, by
Proposition 4, t divides χLi

but t2 does not. Hence, tq divides χL(G)(t) but tq+1 does
not, so that algL(G)(0) = q , as required. �

In the biological literature, dim kerL(G) was first determined for an arbitrary
graph in the work of Feinberg and Horn in Chemical Reaction Network Theory
(Feinberg and Horn 1977, Appendix). The description of the basis elements of
kerL(G) using the Matrix-Tree theorem is given in Gunawardena (2012) but the use
of Lemma 2, which greatly simplifies the argument, is new. Proposition 5 appears in
Agaev and Chebotarev (2000). Proposition 6 is deduced in Chebotarev and Agaev
(2002) using a more powerful variant of the Matrix-Tree theorem.

We can finally appeal to Proposition 2 to deduce the result towards which we have
been working.

Theorem 2 If G is any graph, then the solution of the Laplacian dynamics dx/dt =
L(G) · x converges to a steady state as t → ∞, for any initial condition x(0) ∈R

n.
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5 Calculating Steady States

Theorem 2 leads naturally to the question of how the steady state to which the
Laplacian dynamics tends depends on the initial condition from which the dynam-
ics started.

Suppose that A is a n × n matrix and the dimension of its column null space (or,
equivalently, its kernel) is q . Let R be a n × q matrix whose columns are a basis for
the column null space. Dually, let L be a q × n matrix whose rows are a basis for the
row null space (which has the same dimension q). Suppose further that L and R can
be chosen so that the following equations hold:

A · R = 0, L · A = 0, L · R = Iq . (28)

Lemma 3 Suppose that A is a matrix for which Eq. (28) holds and that, when started
from the initial condition x(0), the solution of dx/dt = A · x tends to a steady state c

as t → ∞. Then c = R · L · x(0).

Proof The solution of dx/dt = A · x is given by x(t) = exp(At) · x(0), so that, by
Eq. (11),

x(t) = (
I + A · B(t)

) · x(0),

where B(t) is some matrix function of t . It follows from Eq. (28) that L · x(t) =
L · x(0). Letting t → ∞, we find that L · c = L · x(0). Since c is a steady state,
dc/dt = A · c = 0, and c is in the column null space. Hence, c = R · d for some
vector d . Therefore, by Eq. (28) again, L · x(0) = L · c = L · (R · d) = d , so that
R · L · x(0) = R · d = c, as required. �

The decomposition of L(G) in Eq. (22) offers a way to find matrices L and R

that satisfy Eq. (28). It is convenient to work in terms of the segments in Eq. (22)
that separate the vertices of G into nonterminal and terminal SCCs. Let u be the
total number of vertices of G that are not in terminal SCCs. In the language of the
previous section, u = dp−q . Consider the block decomposition of L, L(G) and R

corresponding to the dashed lines in Eq. (22),

L = (
X U

)
, L(G) =

(
N 0
B T

)
, R =

(
Y

V

)
, (29)

in which X is q ×u, U is q × (n−u), N is u×u, 0 is u× (n−u), B is (n−u)×u,
T is (n − u) × (n − u), Y is u × q and V is (n − u) × q . Here, N , 0, B , and T

correspond to the four segment blocks shown in Eq. (22).
The block T is itself block diagonal and, by Eq. (23), each subblock corresponds

to the Laplacian matrix of the associated terminal SCC. The special case when G

itself is strongly connected is instructive. Then T has only a single subblock and is
all of L(G). We know from Corollary 1 that the column vector ρ̄G is the basis of
kerL(G), so if we take R to be the n × 1 matrix with this vector as its only column,
then L(G) · R = 0. We also know that 1 ·L(G) = 0, so we can take L to be the 1 × n
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matrix, which has 1n as its only row. The only issue with this choice of L and R is
that

L · R = 1 · ρ̄G = ρ̄G
1 + · · · + ρ̄G

n �= 1,

so that the last requirement in Eq. (28) is not satisfied. However, this is easily reme-
died by normalizing R to the total amount in the column, 1 · ρ̄G.

For a general graph G, Proposition 5 provides a specific basis for the column null
space. Keeping in mind the need for normalization, let R be the n × q matrix whose
j th column is given by

R∗j =
(

1

1 · ρ̄C∗
p−q+j

)
ρ̄

C∗
p−q+j . (30)

With this choice of R, any row of R whose index is not in a terminal SCC is zero,
so that Y = 0, and each column of V has nonzero components only for those indices
which are in the corresponding terminal SCC. As for L, Eq. (28) requires that L ·
R = In, which by block multiplication requires that U · V = Iq . Accordingly, let
U be the q × (n − u) matrix given by first transposing V and then replacing each
nonzero element of V by 1. It is then easy to see that, because of the normalisation
of R, U · V = Iq . Moreover, by Eq. (13) applied to each terminal SCC, U · T = 0. It
remains to determine X. Equation (28) requires that L · L(G) = 0, which by block
multiplication requires that X · N + U · B = 0. We can now appeal once again to
Lemma 2, which tells us that N is invertible. Hence, we can solve uniquely for X to
obtain X = −U · B · N−1. In summary, Eq. (28) is satisfied if

Y = 0, U · T = 0, U · V = I, X = −U · B · N−1. (31)

We deduce from Lemma 3 the following linear relationship between initial conditions
and their resulting steady states.

Theorem 3 Let G be any graph. If matrices L and R are defined by the procedure
above then, for any initial condition x(0), the Laplacian dynamics dx/dt = L(G) · x
tends to the steady state R · L · x(0) as t → ∞.

The consequences of this relationship between initial conditions and steady states
are explored in the next section.

6 Plasticity Arising from Nonstrong Connectivity

If G is strongly connected, then Corollary 1 says that dim kerL(G) = 1 and that
ρG

i > 0 at every vertex i. Furthermore, the decomposition in Eq. (29) has q = 1,
u = 0, so that L = U = 1n, L(G) = T and R = V = ρG/(1 · ρG). Theorem 3 then
implies that initial condition x(0) leads to the steady state

R · L · x(0) = R · (1 · x(0)
) =

(
1 · x(0)

1 · ρG

)
ρG. (32)
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The numerator of the scalar factor in Eq. (32) is the conserved quantity, or total
amount of x present initially, 1 · x(0) = xtot, and Eq. (32) corresponds to Eq. (10)
in the Introduction. It does not matter on which vertices the initial concentration of
material is placed. No matter how the material is distributed, the steady state that is
reached depends only on the total amount that was present. Furthermore, changes
in the values of the graph labels may alter the balance of material between different
vertices, but does not cause a qualitative change in the steady-state behavior.

In the general case, where G may no longer be strongly connected, it follows from
Theorem 3 that, if z = L · x(0) ∈ R

q , then the steady state corresponding to x(0) is
given by the linear combination of the columns of R whose coefficients are the entries
in z. That is, using Eq. (30),

R · L · x(0) = z1

(
ρ̄

C∗
p−q+1

1 · ρ̄C∗
p−q+1

)
+ · · · + zq

(
ρ̄C∗

p

1 · ρ̄C∗
p

)
. (33)

Since L · L(G) = 0, the rows of the q × n matrix L provide a set of q conserva-
tion laws for the Laplacian dynamics, which generalize the single conservation law,
1 · L(G) = 0 for the case of a strongly-connected graph. The coefficients z1, . . . , zq

in Eq. (33) are the conserved quantities. Since the columns of R are non-zero only
on vertices which lie in terminal SCCs, (R · L · x(0))i = 0 for 1 ≤ i ≤ u. For a non-
strongly connected graph, no matter what initial condition is chosen, the resulting
steady state is zero on some vertex, indeed, on any vertex that is not in a terminal
SCC. Moreover, if k is a vertex in the ith terminal SCC, Cp−q+i , then because the
SCCs are pairwise disjoint, the steady state picks out just one of the summands in the
linear combination in Eq. (33):

(
R · L · x(0)

)
k
=

(
zi

1 · ρ̄C∗
p−q+i

)(
ρ̄

C∗
p−q+i

)
k
,

for dp−q+i−1 + 1 ≤ k ≤ dp−q+i . This has a similar form to Eq. (32), with the con-
served quantity zi appearing in the numerator of the scalar factor.

The conserved quantities, however, have a more complicated algebraic form,
which can be determined by substituting Eq. (31) in Eq. (29) to yield

L = U · (−B · N−1 In−u

)
. (34)

It is convenient in working with Eq. (34) to partition the initial condition x(0) into
xN(0) ∈ R

u and xT (0) ∈ R
n−u, corresponding to the indices in nonterminal and ter-

minal SCCs, respectively, so that

x(0) = (
xN(0) xT (0)

)t
.

The conservation laws can now be seen to be built up as follows. The vector
xN(0) ∈ R

u is first transformed using the matrix N−1 to yield a new vector N−1 ·
xN(0) ∈ R

u. The matrix B encodes those edges in the graph which link nonterminal
SCCs to terminal SCCs and the term −B · N−1 · xN(0) has the effect of transferring
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the transformed vector, N−1 · xN(0), into a set of values on the terminal SCCs. Ac-
cording to Eq. (34), these values are added to that part of the initial condition that
was already on the vertices in the terminal SCCs, to form

−B · N−1 · xN(0) + xT (0).

Finally, the matrix U calculates the total value that is now present on each terminal
SCC. Recalling the notation used in Eq. (24), the ith conserved quantity in Eq. (33),
which corresponds to the ith terminal SCC, Cp−q+i , is given by

zi =
dp−q+i∑

k=dp−q+i−1

(−B · N−1 · xN(0) + xT (0)
)
k
.

The expression on the right-hand side gives the corresponding conservation law for
the Laplacian dynamics:

d

dt

( dp−q+i∑
k=dp−q+i−1

(−B · N−1 · xN(t) + xT (t)
)
k

)
= 0.

Let us use the example in Fig. 3 to illustrate this calculation. The matrices B and
N−1 are given by

⎛
⎝ 0 d e

f 0 0
0 0 g

⎞
⎠ and

(
1

�

)⎛
⎝ (a + d)(e + g) a(e + g) 0

b(e + g) (b + c + f )(e + g) 0
c(a + d) ac a(c + f ) + d(b + c + f )

⎞
⎠ ,

respectively, where � = detN = −(e + g)(a(c + f ) + d(b + c + f )). The matrix
(−B · N−1 | In−u) in Eq. (34) is then given by

(
1

−�

)⎛
⎝ce(a + d) + bd(e + g) ace + d(b + c + f )(e + g)

f (a + d)(e + g) af (e + g)

cg(a + d) acg

e(a(c + f ) + d(b + c + f )) 1 0 0
0 0 1 0

g(a(c + f ) + d(b + c + f )) 0 0 1

⎞
⎠ ,

while the prefactor matrix U is

(
1 0 0
0 1 1

)
.
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As explained above, U adds up the contributions within each terminal SCC, so that L

is given by

(
1

−�

)(
ce(a + d) + bd(e + g) ace + d(b + c + f )(e + g)

f (a + d)(e + g) + cg(a + d) af (e + g) + acg

e(a(c + f ) + d(b + c + f )) 1 0 0
g(a(c + f ) + d(b + c + f )) 0 1 1

)
.

The two conservation laws can now be read off from the two rows of L.
There is also the general conservation law given by Eq. (13): 1 · L(G) = 0.

Using this together with Eq. (29), it follows that 1u · N + 1n−u · B = 0, so that
1u = −1n−u · B · N−1. By construction of U , 1q · U = 1n−u, so that 1q · X = 1q ·
(−U · B · N−1) = 1u and so 1q · L = 1n. For the example in Fig. 3, the general con-
servation law comes about by adding the two rows of L, as can be readily checked.

The basis vectors appearing in Eq. (33), ρ̄C∗
3 and ρ̄C∗

4 , corresponding to the two
terminal SCCs, can also be calculated, following the prescription in Eq. (24), to give

(0 0 0 1 0 0 )t and (0 0 0 0 h i )t ,

respectively.
These calculations reveal, in marked contrast to the strongly-connected case, that

the steady state may vary qualitatively depending on the initial condition and the
values of the graph labels. For example, suppose that a = b = c = f = g = 1 and
e = d = ε, where ε � 1, so that the edges leading into the first terminal SCC (Fig. 3)
have low rates compared to the other edges, and suppose that the initial condition has
nothing on the terminal SCCs, so that x(0)4 = x(0)5 = x(0)6 = 0. Then

z1 = 2ε(1 + ε)x(0)1 + ε(4 + 3ε)x(0)2 + ε(2 + 3ε)x(0)3

(1 + ε)(2 + 3ε)
,

z2 = (1 + ε)(2 + ε)x(0)1 + (2 + ε)x(0)2 + (2 + 3ε)x(0)3

(1 + ε)(2 + 3ε)
,

so that, as ε gets smaller, the steady state is dominated by the contribution from the
second terminal SCC and

x(0) →∼ (
1 · x(0)

) (
0 0 0 0 h

h+i
i

h+i

)t
, (35)

where 1 · x(0) = x(0)1 + x(0)2 + x(0)3. On the other hand, if a = b = c = d = e = 1
and f = g = ε, so that the edges leading into the second terminal SCC have low rates
compared to the other edges, then with the same initial conditions,

z1 = (3 + ε)x(0)1 + (1 + (2 + ε)(1 + ε))x(0)2 + (3 + 2ε)x(0)3

(1 + ε)(3 + 2ε)
,

z2 = 2ε(2 + ε)x(0)1 + ε(2 + ε)x(0)2 + ε(3 + 2ε)x(0)3

(1 + ε)(3 + 2ε)
.
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As ε gets smaller, the steady state is dominated by the contribution from the first
terminal SCC and

x(0) →∼ (
1 · x(0)

)
(0 0 0 1 0 0 )t . (36)

Equations (35) and (36) exhibit very different steady states to which the same ini-
tial condition tends, depending on the relative values of the graph labels. The nonover-
lapping nature of the SCCs exacerbates the sharpness of the transition, with only ver-
tices 5 and 6 playing a role in Eq. (35) and only vertex 4 playing a role in Eq. (36). In
applications of the linear framework, the labels may be algebraic expressions, which
include rate constants or the concentrations of variables outside the graph, such as
slow components, as in Eq. (4) in the Introduction. Hence, changes in the larger sys-
tem of which the graph is a part may lead to different steady-state behaviors. This
kind of plasticity is not the same as multistability, since it is the conserved quantities
z1 and z2 whose values are being altered, but the biological effects may appear to be
similar.

7 Laplacian Dynamics as a Stochastic Master Equation

Laplacian dynamics was introduced in Eq. (1) as a form of linear biochemistry in
which the quantities of interest are the concentrations of chemical species. However,
at the molecular level, chemical interactions are fundamentally stochastic. Several of
the applications of the linear framework, such as to gene regulation or to ion channel
activity, are in contexts where single molecules are being analyzed and where single-
molecule data can be acquired as to probabilities of occurrence. Given a graph G,
we turn now from thinking of macroscopic concentrations of molecules transforming
from vertex i to vertex j to thinking of an individual molecule as it changes from
vertex i to vertex j . (It may help to think of the molecule changing from state i to
state j .) Let ui(t) be the probability of finding a molecule at vertex i at time t , con-
sidered as a continuous time, finite-state space Markov process. How do we calculate
ui(t)?

This question is best answered in a broader context. Suppose that X(t) is any
continuous-time Markov process on finitely many states, 1, . . . , n, which is time ho-
mogeneous. That is, we assume that we are given the conditional probability for
finding X in state i at time t + �t , given that it was in state j at time t , denoted
Pr(X(t + �t) = i | X(t) = j), and that this probability does not depend on t . We
assume further that X is sufficiently well behaved that we can determine the infinites-
imal transition rate from j to i �= j , which we will denote eij ,

eij = lim
�t→0

Pr(X(t + �t) = i | X(t) = j)

�t
. (37)

This rate is necessarily nonnegative because probabilities are nonnegative and it has
units of time−1. The conditional probability can be rewritten in terms of the transition
rate in a form that is equivalent to Eq. (37),

Pr
(
X(t + �t) = i | X(t) = j

) = eij�t + o(�t). (38)
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Here, the little o notation is used to stand for any function f (�t) for which
f (�t)/�t → 0 as �t → 0. As is customary in Markov process theory, the diago-
nal term ejj is calculated differently by using the fact that the process must be in
some state while the total probability must normalize to 1. Hence, provided �t is
sufficiently small,

Pr
(
X(t + �t) = j | X(t) = j

) = 1 −
(∑

v �=j

evj

)
�t + o(�t). (39)

The transition rates lead to a master equation, or Kolmogorov forward equation
that describes the time evolution of X. The master equation formulation of Markov
processes is developed by van Kampen (1992, Chap. 4). Let Xi(t) = Pr(X(t) = i).
We need to calculate Xi(t + �t). There are two possibilities. Either the process is in
state j �= i at time t , with probability Xj(t), and undergoes a transition in time �t

from j to i with probability given by Eq. (38), or the process is already in state i, with
probability Xi(t), and remains there over time �t with probability given by Eq. (39).
Accordingly,

Xi(t + �t) =
∑
j �=i

(eij�t)Xj (t) +
(

1 −
(∑

v �=i

evi

)
�t

)
Xi(t) + o(�t).

Hence,

Xi(t + �t) − Xi(t)

�t
=

∑
j �=i

eijXj (t) −
(∑

v �=i

evi

)
Xi(t) + o(�t)

�t
. (40)

The right-hand side of Eq. (40) is suggestive. Let us construct a graph, GX , asso-
ciated to the Markov process X, by taking its vertices to be the states of X, placing
an edge j → i if, and only if, eij �= 0 and giving the edge the label eij . As required,
the graph has no self-loops. The Laplacian matrix, L(GX), is then given by Eq. (2).
Substituting in Eq. (40) and taking the limit as �t → 0, we find that

dXi(t)

dt
=

∑
j �=i

L(GX)ijXj (t) +L(GX)iiXi(t) = (
L(GX) · X)

i
.

Theorem 4 Let X be any continuous time, finite-state space Markov process that is
time homogeneous, for which transition rates may be determined by Eq. (37). The
master equation of X is identical to Laplacian dynamics on the graph GX :

dX(t)

dt
= L(GX) · X.

The answer to our initial question is now clear. Given a graph G in the linear
framework, the label L(G)ij for i �= j , when it is nonzero, is a macroscopic rate con-
stant with units of time−1. This means that, if xj (t) is the concentration of material at
vertex j at time t , then, in any sufficiently small time interval �t , a concentration of
material given by (L(G)ij�t)xj (t)+o(�t) is transferred from vertex j to vertex i. It
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follows that the probability that a molecule at j is transferred to i in the time interval
�t is given by

(L(G)ij�t)xj (t)

xj (t)
= L(G)ij�t + o(�t). (41)

Note that this does not depend on t , so that the Markov process underlying the Lapla-
cian dynamics is time homogeneous. Comparing Eq. (41) with Eq. (38), we see that
this Markov process has exactly the same transition rates as the labels on the graph.

Corollary 2 Let G be any graph and suppose that the Laplacian dynamics on G is
interpreted stochastically to yield a continuous time Markov process on the vertices.
If ui(t) denotes the probability of finding a molecule at vertex i at time t , then u(t)

obeys the same Laplacian dynamics:

du(t)

dt
= L(G) · u.

Theorem 4 reveals that deterministic Laplacian dynamics and stochastic master
equations share an unexpected identity. The graph Laplacian is not introduced in van
Kampen’s text (van Kampen 1992), which is particularly associated with the mas-
ter equation approach, but makes an occasional appearance in the probability theory
literature when the relevant forward equation is discussed (Kelly 2011). A graphical
approach to continuous-time Markov processes was introduced in the literature on
nonequilibrium statistical mechanics (Hill 1966; Schnakenberg 1976) but, so far as
we are aware, the identity expressed in Theorem 4 was never formulated.

8 Discussion

The main impetus for the present paper comes from recent application of the
linear framework to gene regulation away from thermodynamic equilibrium (Ah-
sendorf et al. 2013). Gene regulation has been widely studied by using the time-
scale separation that transcription-factor binding to DNA is at thermodynamic equi-
librium, while transcription is a slow process that averages over the equilibrium
states. This method originates in the work of Ackers, Johnson, and Shea on phage
lambda, (Ackers et al. 1982). They used equilibrium statistical mechanics and par-
tition functions to eliminate the equilibrium states in favor of the concentrations
of the transcription factors. The “thermodynamic formalism” has been revamped
in recent years (Bintu et al. 2005a, 2005b; Segal and Widom 2009; Sherman and
Cohen 2012) and used to analyze gene regulation in bacteria (Setty et al. 2003;
Kuhlman et al. 2007), yeast (Gertz et al. 2009), and flies (Janssens et al. 2006;
Zinzen et al. 2006; Segal et al. 2008; He et al. 2010).

In contrast to bacteria, however, eukaryotic organisms utilize many nonequilib-
rium mechanisms for regulating gene expression. Among these are DNA methyla-
tion, nucleosome remodelling, post-translational modification (PTM) of histone tails,
PTM of transcription factors and transcriptional coregulators, such as the Media-
tor complex, phosphorylation of the carboxy-terminal domain of RNA Pol II and
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DNA uncoiling by helicases. Such dissipative mechanisms cannot be accommodated
within the equilibrium thermodynamic formalism, although attempts have been made
to model some of them by equilibrium approximations (Raveh-Sadka et al. 2009;
Mirny 2010).

Reliance on equilibrium models may be helpful initially but is not satisfactory as a
fundamental approach. A key issue is that systems at equilibrium satisfy the condition
of detailed balance (Lewis 1925), which originates in the time-reversal symmetry of
the basic laws of physics (Tolman 1938). As shown by Hopfield in his classic study
of kinetic proofreading, detailed balance is a biochemical constraint that prevents
certain kinds of functionality from being achieved (Hopfield 1974). Evolution has
found energy-dependent, nonequilibrium mechanisms that overcome this constraint,
thereby enabling, for instance, the high levels of fidelity achieved by transcription and
translation (Hopfield 1974; Zaher and Green 2009). Without incorporating nonequi-
librium mechanisms, the full functionality of gene regulation cannot be explored.

The linear framework allows nonequilibrium mechanisms to be accommodated
with no greater difficulty than equilibrium mechanisms. For example, it has al-
ready been used to model the nonequilibrium mechanism of post-translational mod-
ification (Thomson and Gunawardena 2009a, 2009b; Xu and Gunawardena 2012;
Dasgupta et al. 2013). This has now been extended to gene regulation so as to include
the nonequilibrium mechanisms mentioned above (Ahsendorf et al. 2013). The linear
framework provides a strict generalisation of the thermodynamic formalism. If a sys-
tem is capable of reaching thermodynamic equilibrium, then detailed balance leads to
a simpler elimination procedure than the Matrix Tree theorem (Gunawardena 2012).

The results of the present paper are not only required for applying the linear frame-
work to gene regulation, they also suggest new avenues for investigation.

One consequence of incorporating nonequilibrium mechanisms is that energy-
dependent enzymatic reactions, such as phosphorylation, become effectively irre-
versible in typical cellular contexts. This cannot happen at equilibrium, where ev-
ery reaction is reversible. For example, the yeast phosphate-response gene PHO5
is regulated by both transcription-factor binding and nonequilibrium nucleosome
remodeling and has been studied in quantitative detail (Kim and O’Shea 2008;
Lam et al. 2008). The thermodynamic formalism was not applicable but an ad hoc
model was constructed in which nucleosome assembly and disassembly are treated
as irreversible reactions and detailed balance is not assumed (Kim and O’Shea 2008).
This example is readily incorporated within the linear framework. The resulting graph
is strongly connected and the corresponding gene regulation function can be algorith-
mically calculated using Corollary 1 (Ahsendorf et al. 2013).

Interestingly, with the introduction of irreversible reactions, there appears to be no
fundamental reason why the resulting graphs have to be strongly connected. It is, of
course, difficult to assert definitely that a graph derived from experimental knowledge
is not strongly connected, as a single new edge may suffice to make it so. However,
nonstrongly connected graphs already appear to be of value in analysing certain gene
regulatory systems, such as those involved in epigenetic inheritance (Ahsendorf et al.
2013). Here, it is essential to understand Laplacian dynamics in full generality and to
know how the steady states of an arbitrary graph are related to the graph structure, as
described by Theorem 3.
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We have shown in this paper that the steady-state behavior of nonstrongly con-
nected graphs is qualitatively different from that of strongly-connected graphs. It
can exhibit considerable plasticity. A surprising amalgam of two distinct regulatory
modes has been revealed in yeast (Tirosh and Barkai 2008; Cairns 2009), where
many genes incorporate, to varying degrees, the features of two extreme examples
(Cairns 2009). One extreme consists of constitutively expressed genes with “open”
promoters, which tend to have nucleosome-free regions and lack TATA boxes, while
the other extreme consists of inducible genes with “covered” promoters, which have
TATA boxes and dynamically-shifting nucleosomes. At present there is insufficient
quantitative analysis of different genes to know whether this amalgam can give rise
to flexible responses due to nonstrong connectivity of the underlying graphs, but it
remains an intriguing possibility for subsequent investigation.

Gene regulation is a single-molecule process—there is only one gene present—
and stochasticity must be taken into account at the outset. Theorem 4 shows that this
can be done with complete rigour while retaining the familiar biochemical intuition
for molecules in solution. It may prove helpful in future work to exploit Theorem 4
to translate the machinery of Markov process theory, as used to calculate averages
and higher moments of probability distributions, into the combinatorial language of
graphs and trees. Such translation between different fields often leads to new insights
and may provide new tools for analysing fluctuations in gene expression.

It is of considerable topical importance to develop new methods for analysing
gene regulation. The ENCODE project has recently provided a wealth of new data
about the processes at work on DNA, including non-equilibrium processes such as
histone PTMs (Stamatoyannopoulos 2012). The linear framework provides a starting
point from which such data can be formally represented in mathematical structures—
labeled, directed graphs—from which the regulatory behavior of an individual gene
can be inferred, without relying on the constraining assumption of thermodynamic
equilibrium. The results of the present paper provide the mathematical foundation
for such biological analysis.
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Jaffe 1965), David Perkinson for information about the proof in the Appendix, and an anonymous reviewer
for helpful comments. The work undertaken here was supported by the United States NSF under Grant
0856285.

Appendix

We include for completeness a proof of the Matrix-Tree theorem as stated in Theo-
rem 1. There are many versions of this and the one given here is adapted from David
Perkinson’s handout,1 which is itself adapted from the proof in Tutte’s book (Tutte
2001). This has the merits of being elementary, concise, and transparent. Let G be a
graph on the vertices 1, . . . , n and let the symbols eij denote the labels on the edges:
j → i, if, and only, if eij �= 0. The entries of L(G) are then given by Eq. (2).

1http://people.reed.edu/~davidp/412/handouts/matrix-tree.pdf.

http://people.reed.edu/~davidp/412/handouts/matrix-tree.pdf
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The proof of Theorem 1 is in two steps, first for the special case of a principal
minor, which is the essential part of the argument. Some additional notation will
be helpful. If A is any (not necessarily square) matrix let A[u,v] denote the matrix
obtained from A by removing row u and column v. It is easier to work with the
negative Laplacian, L = −L(G), to keep control of the signs. Since the minor is the
determinant of a (n − 1) × (n − 1) matrix, this change incurs a sign of (−1)n−1, so
we can rewrite Eq. (16) for the j th principal minor as

detL[j,j ] =
∑

T ∈Θj (G)

( ∏
k→l∈T

elk

)
, (42)

which is what we want to prove.

Proof The argument does not depend on j , so take j = 1 to simplify the notation.
The determinant can be written in the standard form as

detL[1,1] =
∑

π∈Sn−1

sign(π)Lπ(2)2 · · ·Lπ(n)n, (43)

where π : {2, . . . , n} → {2, . . . , n} is a permutation on {2, . . . , n}, Sn−1 is the symmet-
ric group of all such permutations and sign(π) = ±1 is the sign of the permutation.
A permutation can be uniquely expressed as a product of disjoint cycles, where the
cycle (i1i2 · · · ik), with k > 1, is the permutation that sends iv to iv+1 for v < k and
cycles around to send ik to i1. A permutation may also fix an element by sending j

to j and this is denoted by a degenerate cycle, (j). For example,

i 2 3 4 5 6 7
π(i) 4 5 7 3 6 2

, π = (247)(35)(6).

A nonzero summand in Eq. (43), corresponding to the permutation π , can be writ-
ten in terms of nonzero symbols eij �= 0 as follows. As mentioned above, π is a
product of disjoint cycles. Each cycle gives rise to a product of nonzero symbols,

(i1i2 · · · ik) gives (−1)kei2i1ei3i2 · · · eikik−1ei1ik , (44)

where the signs arise because L is the negative of the Laplacian matrix defined by
Eq. (2). Each fixed point of π , π(j) = j , introduces into the overall product the sum
of all the nondiagonal symbols in column j of L,∑

v �=j

evj , (45)

of which at least one symbol evj must be nonzero in order for the summand itself to
be nonzero. Each cycle of odd length contributes a sign of −1 through Eq. (44), while
each cycle of even length contributes a sign of −1 to sign(π). The resulting overall
product, when expanded out, is therefore a sum of monomials of the form

(−1)t ek22ek33 · · · eknn, (46)

where each symbol is nonzero, eki i �= 0, and t is the number of cycles in π .
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Monomials of the form in Eq. (46) have a natural interpretation in terms of the
graph G. They correspond to subgraphs of G in which there is exactly one outgo-
ing edge from the vertices 2, . . . , n and no outgoing edge from vertex 1. Lets call
these special subgraphs. Given a special subgraph γ , it has an associated monomial
eγ which is the product of the symbols on all the edges and it is evident that this
correspondence defines a bijection between special subgraphs and the monomials in
Eq. (46).

Special subgraphs have a distinctive structure: If we start at any vertex other than 1,
then there is a unique path leading away from this vertex. Because G has only finitely
many vertices, this path must either intersect itself to form a cycle of edges or reach
vertex 1 and stop. It follows that each connected component of a special subgraph
either contains an unique cycle or is a tree rooted at 1. (Recall that the connected
components of a directed graph are the disjoint pieces into which the graph falls if
edge directions are ignored.) Of course, the cycle components may also contain tree-
like spurs that lead to its unique cycle. Equation (44) shows that each cycle of edges
in G may be uniquely identified with a permutation cycle.

Suppose given a permutation π ∈ Sn−1 and a special subgraph γ . If all the cycles
of π appear as the cycles of cycle components of γ , then the symbols of any other
edges in γ , including those of any other cycle components of γ , can be constructed
in π by using the elements fixed by π , since these introduce, through the terms in
Eq. (45), all the symbols needed for these remaining edges. It follows that eγ is one
of the monomials that appear when π is expanded into a sum of monomials through
Eq. (46). Conversely, if eγ appears in the monomial expansion of π then the cycles
of π must occur among the cycles of cycle components of γ .

Given a special subgraph γ , we can now determine the multiplicity of eγ in the
determinant in Eq. (43). Suppose that γ has s cycle components, where s > 0. Any
permutation π ∈ Sn−1 which uses exactly t of these cycles gives rise to eγ with
multiplicity (−1)t according to Eq. (46). There are

(
s
t

)
ways of choosing t cycle

components out of s. Considering all possibilities for t from t = 0 to t = s, the total
multiplicity of eγ is

s∑
t=0

(
s

t

)
(−1)t = (1 − 1)s = 0. (47)

This amazing cancellation is the heart of the Matrix-Tree theorem.
The only remaining possibility is that γ has no cycle components, so that s = 0.

But then γ is a spanning tree rooted at 1. Moreover, eγ only appears as a monomial
in the expansion of the identity permutation, whose monomial expansion is given by

n∏
j=2

(∑
v �=j

evj

)
. (48)

Evidently, eγ appears in Eq. (48) with multiplicity 1. Of course, Eq. (48) gives rise
to monomials other than those coming from spanning trees rooted at 1 but these
other monomials disappear through cancellation because of Eq. (47). We are left with
exactly the sum of monomials over rooted spanning trees in Eq. (42). �
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To complete the proof of Theorem 1, it remains to deal with a non-principal mi-
nor, detL[i,j ], which contributes the sign (−1)i+j to Eq. (16). This has nothing to do
with Laplacian matrices and depends only on the fact that 1 ·L(G) = 0. Some further
notation will be helpful. Let A be a n× (n− 1) matrix and let Ai∗ denote its i-th row.
We want to consider various (n − 1) × (n − 1) matrices made from these rows and
we will write these matrices by listing their rows in order. For instance, the (n− 1)×
(n−1) submatrix of A in which the first row is omitted, is written [A2∗|A3∗| · · · |An∗].
We will also use the convention that, in an ordered sequence, a bar over a term signi-
fies its absence, so we can also write this same submatrix as [A1∗|A2∗| · · · |An∗].

Lemma 4 If A is any n × (n − 1) matrix for which 1 · A = 0, then

det
[
A1∗|A2∗| · · · |An∗

] = (−1)i−1 det
[
A1∗|A2∗| · · · |Ai∗| · · · |An∗

]
.

Proof Let B = [A1∗ +Ai∗|A2∗| · · · |Ai∗| · · · |An∗]. By construction, 1 ·B = 0, so that
detB = 0. Because the determinant is multilinear,

det
[
A1∗|A2∗| · · · |Ai∗| · · · |An∗

] = (−1)det
[
Ai∗|A2∗| · · · |Ai∗| · · · |An∗

]
.

The determinant is also antisymmetric for interchange of rows, so that

det
[
Ai∗|A2∗| · · · |Ai∗| · · · |An∗

] = (−1)det
[
A2∗|Ai∗| · · · |Ai∗| · · · |An∗

]
.

It takes i − 2 successive row interchanges to bring Ai∗ back to where it originally
was in the list, from which the result follows. �

Now let A be the n × (n − 1) matrix obtained from L = −L(G) by removing the
j th column. Then, using Lemma 4 twice, we see that

detL[i,j ] = det
[
A1∗| · · · |Ai∗| · · · |An∗

]
= (−1)i−1 det

[
A1∗| · · · |Ai∗| · · · |An∗

]
= (−1)i+j−2 det

[
A1∗| · · · |Aj∗| · · · |An∗

]
= (−1)i+j detL[j,j ].

Combining this with Eq. (42) yields Eq. (16) and proves Theorem 1.
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